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Department of Mathematics, Tokai University, 4-1-1, Kitakaname, Hiratsuka,
Kanagawa 259-1292, Japan.
Abstract. This paper presents a study of the discrete Toda equation
(τ t
n
)2 + τ t
n−1τ
t
n+1 = τ
t−1
n
τ t+1
n
,
that was introduced in 1977. In this paper, it has been proved that the alge-
braic solution of the discrete Toda equation, obtained via the Lax formalism, is
naturally related to the dual Grothendieck polynomial, which is a K-theoretic
generalization of the Schur polynomial. A tropical permanent solution to the
ultradiscrete Toda equation has also been derived. The proposed method gives
a tropical algebraic representation of static solitons. Lastly, a new cellular au-
tomaton realization of the ultradiscrete Toda equation has been proposed.
1. Introduction
1.1. Algebraic solution to the discrete Toda equation. The Toda equation
d
dt2
log(1 + Vn(t)) = Vn+1(t)− 2Vn(t) + Vn−1(t)
was proposed as a model equation of motion in a one-dimensional lattice of particles
with the nearest neighbor interaction [17]. Today the equation is known as a good
example of an integrable equation owing to its rich structures. In this paper, we
intend to study time-discretization of the Toda equation1, which was originally
given by Hirota [2]:
(1)
ut−1n u
t+1
n
(utn)
2
=
(1− δ2 + δ2utn−1)(1 − δ
2 + δ2utn+1)
(1 − δ2 + δ2utn)
2
.
The above equation (1) boils down to the following bilinear form.
(2) (τ tn)
2 + τ tn−1τ
t
n+1 = τ
t−1
n τ
t+1
n
through the variable transformation given by
utn =
1− δ2
δ2
τ t+1n τ
t+1
n+2
(τ t+1n+1)
2
.
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1There exist at least two ’discrete Toda equations’ which are famous and well-investigated (as
far as we know). See Remark 1.1.
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Moreover, if we define two new variables given by
(3) atn :=
τ tnτ
t+1
n+1
τ t+1n τ tn+1
, btn :=
τ tnτ
t+1
n+2
τ tn+1τ
t+1
n+1
,
the equation (2) can be rewritten as
(4) at+1n + b
t+1
n−1 = a
t
n + b
t
n, a
t+1
n+1b
t
n = a
t
nb
t+1
n .
One can recover (1) from (4) by using the following relation.
(5) utn =
1− δ2
δ2
btn
atn
.
We consider the simultaneous equations (4) with the boundary condition
(6) at0 = a
t
N+1 = 1, b
t
0 = b
t
N = 0
for some integer N > 0. Let
Xt =

at1 1
at2
. . .
. . . 1
atN
 , Y t =

1
−bt1 1
. . .
. . .
−btN−1 1

be N × N matrices. The simultaneous equation (4), therefore, admits the use of
the discrete Lax formulation given as follows:
(7) Xt+1Y t = Y t+1Xt.
We define Lt := (Y t)−1Xt. Thus, (7) could be written as
(8) Y tLt = Lt+1Y t or XtLt = Lt+1Xt.
Similar to other classical integrable systems (see, for example, [3, 4, 8, 16]), one
can construct algebraic solutions for arbitrary initial values (values at time t = 0)
of the discrete Toda equation via the Lax representation (8).
Remark 1.1. There exist at least two famous ’discrete Toda equations’. One is the
equation (1), which we investigate in this study, and the other is the one expressed
by the following bilinear form
(9) (τ tn)
2 + τ t+1n−1τ
t−1
n+1 = τ
t+1
n τ
t−1
n .
(Compare with (2).)
1.2. Algebraic solution and dual Grothendieck polynomials. Obtaining an
algebraic solution to the discrete Toda equation, through use of the Lax formula-
tion (8), with an arbitrary (generic) initial condition is relatively straightforward.
(See §2.1–§2.3 for details.) If all eigenvalues of the Lax matrix Lt degenerate to
one value (as (27) in §2.4), there exists a natural algebraic relation between these
solutions and the dual Grothendieck polynomials, which are essentially K-theoretic
analogues of Schur polynomials [9]. Interestingly, ’the other’ discrete Toda equation
(9) corresponds to usual Schur polynomials (Remark 2.4).
Recently, several researchers have reported interesting relations between ’K-
theoretic’ objects and classical integrable systems. Motegi and Sakai [12] discovered
a remarkable relation between Grothendieck polynomials and algebraic solutions to
certain integrable systems (TASEP). Very recently, Ikeda, Iwao, and Maeno [7]
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constructed a ring isomorphism between the quantum K-theory of the complex
flag variety Fln and the K-theory of the affine Grassmannian GrSLn by using the
mechanics of the relativistic Toda equation. From this, it may be inferred that the
discrete Toda equation (1) is amenable to Grothendieck polynomial-type solutions,
while ’the other’ discrete Toda equation (9) is amenable to Schur polynomial-type
solutions.
1.3. Ultradiscretization. Another topic discussed in this paper is ultradiscretiza-
tion. Let us introduce the transformations utn = e
Utn
ε and δ = e−
L
2ε with a parameter
ε > 0 and a positive constant L > 0 for (1). Then, by applying ε log to both sides
and taking the limit ε→ 0+, we obtain the ultradiscrete Toda equation [11] given
by
(10) U t+1n −2U
t
n+U
t−1
n = max[0, U
t
n+1−L]−2max[0, U
t
n−L]+max[0, U
t
n−1−L].
In [11], Matsukidaira et al. derived an soliton solution to (10) by ultradiscretizing
the soliton solution to the discrete Toda equation (1). Their solution is expressed
by
(11)
U tn = T
t
n+1 − 2T
t
n + T
t
n−1,
T tn = max
µj∈{0,1}
 N∑
j=1
µjSj(t, n)−
∑
1≤i<j≤N
µiµj(Pj + σiσjQj)
 ,
Sj(t, n) = Pjn− σjQjt+ Cj ,
0 ≤ P1 ≤ P2 ≤ · · · ≤ PN , Qj = max[0, Pj − L], σj ∈ {−1, 1}.
Here N , L are positive integers, and Pj , Cj are arbitrary parameters. The opera-
tor maxµj∈{0,1} f(µ1, µ2, . . . , µN ) denotes the maximum value amongst 2
N possible
values of f(µ1, µ2, . . . , µN ) obtained by replacing each µj by 0 or 1. It is known
that the solution U tn defined by (11) possesses properties of solitary waves and soli-
ton interactions [11]. It can be verified that U tn always takes non-negative values.
On the other hand, Hirota proposed another solution to (10), which is called ’the
static-soliton’ [5], and is expressed by
(12) U tn = T
t
n+1 − 2T
t
n + T
t
n−1, T
t
n = C
j1∑
j=j0
min[0, n− j],
where C is a positive parameter and j0 ≤ j1 are integers. One can verify that now
U tn (12) may take negative values, which implies that the equation (10) should be
amenable to different solutions. It should be natural to expect the existence of
solutions to the discrete Toda equation (4) whose ultradiscretization yields static-
solitons. (Here we would like to note that Hirota [5] showed there is no time
independent solution, to the discrete Toda equation, other than the trivial solution.)
In this paper, we aim to provide an answer to the question by constructing
tropical permanent solutions for arbitrary initial values of the ultradiscrete Toda
equation. More precisely, we intend to show that the tropical tau function T tn (31)
can be used to solve (10) by setting
U tn = A
t
n−B
t
n+L, A
t
n = T
t
n+T
t+1
n+1−T
t+1
n −T
t
n+1, B
t
n = T
t
n+T
t+1
n+2−T
t
n+1−T
t+1
n+1.
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See §3.2 for details. The new parameters Atn, B
t
n represent the ultradiscretization
of atn, b
t
n, which satisfy the evolution equation (30). A new cellular automaton
realization of the system {Atn, B
t
n} is proposed in §3.3.
1.4. Organization of the paper. In Section 2, we provide an algebraic solution
to the discrete Toda equation (4) with the boundary condition (6) using the Lax
formulation. Although this sequence of calculations is an established practice, we,
nonetheless, have provided its details in §2.1–§2.3 in order to make this paper
self-contained. In §2.4, dual Grothendieck polynomials, as special solutions to the
discrete Toda equation (1), have been derived.
In Section 3, the tropical permanent solution to the ultradiscrete Toda equation,
obtained by ultradiscretizing the algebraic solution defined in the previous section,
has been provided. The solution realizes the behavior of the solution given in [11, 5].
A new cellular automaton realization of the system is proposed in §3.3. A concrete
example and concluding remarks are contained in Section 4.
2. Solution to the discrete Toda equation
2.1. Lax formulation and the spectrum problem. An algebraic solution to
the discrete Toda equation via Lax formulation (8) is derived as follows. Let
f(λ) := det(λEN − L
t) = λN − I1λ
N−1 + · · ·+ (−1)NIN
be the characteristic polynomial of Lt, which is t-invariant due to (8). Define the
C-algebra O = C[λ]/(f(λ)), which is N dimensional as a C-vector space. At the
same time, the spectral problem
(13) Ltvt = λv t, (v t ∈ CN ),
which is equivalent to
(14) (λY t −Xt)v t = 0,
has been considered. We denote (i, j)th minor of the matrix λY t−Xt by Mi,j and
define
∆i,j := (−1)
i+j detMi,j .
Therefore, the vectors
p := (∆N,1,∆N,2, . . . ,∆N,N)
T , q := (∆1,1,∆1,2, . . . ,∆1,N)
T
satisfy the following properties.
(1) Property A
• The ith entry of p, which is denoted by pi, is a monic polynomial of
degree (i− 1) in λ.
• The ith entry of q , which is denoted by qi, is of the form λ
N−1 ×
(a polynomial of degree (N − i) in λ−1).
• If λ is a root of f(λ), both p and q are eigenvectors of Lt. In other
words, p and q are solutions of the spectral problem (13).
(2) Property B
• The constant term of pi is (−1)
i−1at1a
t
2 · · · a
t
i−1.
• The coefficient of λN−1 of qi is b
t
1b
t
2 · · · b
t
i−1
Thus, it can be directly proved that as a matrix over O, the co-rank of λY t−Xt
is 1. Hence, the eigenvector of L must be unique up to a constant multiple. In
terms of O, we have the following lemma.
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Lemma 2.1. Let C[λ] → O be the natural surjection and p,q ∈ ON be the image
of p,q ∈ C[λ]N . Thus, there exists some F ∈ O such that
(15) q = −F · p.
(The minus sign is used for the convenience of the calculation below)
Now, let us consider the inverse problem.
for given F ∈ O, recover p and q with (15).
The answer is as follows. Equation (15) is rewritten as
(16)

∗ ∗ · · · β1 1
∗ · · · β2 α2 1
. . .
...
...
...
. . .
βN αN ∗ · · · 1


1
λ
...
λN−1
F
Fλ
...
FλN−1

≡ 0 mod f(λ).
Each ∗ is a coefficient of pi or qi as a polynomial in λ. Therefore, we have
(17) αi = (−1)
i−1at1a
t
2 · · · a
t
i−1, βi = b
t
1b
t
2 . . . b
t
i−1.
By applying Cramer’s rule to the matrix equation (16), one can express the entries
of the matrix to be ratio of determinants. Let
c : O → CN
be an arbitrary linear isomorphism. We, therefore, have
(18) αi = (−1)
i−1
∣∣c(λi−1), c(λi), . . . , c(λN−1), c(Fλ), c(Fλ2), . . . , c(Fλi−1)∣∣
|c(λi−1), c(λi), . . . , c(λN−1), c(F ), c(Fλ), . . . , c(Fλi−2)|
and
(19) βi = (−1)
i
∣∣c(λi−1), c(λi), . . . , c(λN−2), c(F ), c(Fλ), . . . , c(Fλi−1)∣∣
|c(λi−1), c(λi), . . . , c(λN−1), c(F ), c(Fλ), . . . , c(Fλi−2)|
.
Note that they are invariant under any exchange of c. As long as the denominators
are not 0, they recover values of atn and b
t
n.
Remark 2.2. The expressions (18, 19) are invariant also under the transform F 7→
cF (c ∈ C×). Thus, we may assume F to be an element of O/C× without any loss
of generality.
In the remaining part of this section, we denote F = F t, p = pt, and q = qt,
etc. to emphasize the t-dependencies of these quantities. From the discrete Lax
equation (8) and (13), we have a spectral problem at time t+ 1 given by
(20) Lt+1(Xtvt) = λ(Xtvt), Lt+1(Y tvt) = λ(Y tvt).
Let p′ := Y tpt and q ′ = Xtqt. Due to the shapes of the matrices Xt, Y t and
Property A, the pair (p′, q ′) also satisfies Property A. Because any pair of vectors
with Property A uniquely restores the Lax matrix L with Property B, we have
pt+1 = Y tpt, qt+1 = θXtqt, (∃θ ∈ C×).
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Substituting them into (15), we obtain
θXtqt = −F t+1Y tpt,
which implies
θλq t = θ(Y t)−1Xtqt = −F t+1pt.
Comparing with (15), we finally derive
(21) F t+1 = λθ · F t.
Although this equation contains the unknown constant θthe expression (21) still
determines the time evolution of Lt without any ambiguity. See Remark 2.2.
2.2. The determinantal formula for the tau function. From (21) and the
remark 2.2, one may identify F = F t with λtF 0 without any problem. Hereafter,
we assume any root of f(λ) to be non-zero. Let Mλ : C
N → CN represent the
C-linear map:
C
N c
−1
−→ O
×λ
−→ O
c
−→ CN .
By assumption, this is invertible. Let D = detMλ 6= 0. The numerator of (18) can
be rewritten as∣∣c(λi−1), c(λi), . . . , c(λN−1), c(Fλ), c(Fλ2), . . . , c(Fλi−1)∣∣
= D ·
∣∣c(λi−2), c(λi−1), . . . , c(λN−2), c(F ), c(Fλ), . . . , c(Fλi−2)∣∣ .
By putting
(22) τ tn :=
∣∣c(λn−1), c(λn), . . . , c(λN−1), c(F 0λt), c(F 0λt+1), . . . , c(F 0λt+n−2)∣∣ ,
we get
(23) atn =
τ tnτ
t+1
n+1
τ t+1n τ tn+1
, btn = −
τ tnτ
t+1
n+2
τ tn+1τ
t+1
n+1
from (17).
2.3. Double Casorati determinant. By choosing a specific isomorphism c : O →
CN , one can derive an explicit formula for the tau function. One typical example
is the double Casorati determinant formula, which has been given below.
Assume that all eigenvalues of f(λ) are distinct. Thus,
f(λ) =
∏N
i=1(λ − λi), (i 6= j ⇒ λi 6= λj).
By the Chinese remainder theorem, the following map represents linear isomor-
phism.
(24) c : O → CN ; ϕ(λ) mod f(λ) 7→ (ϕ(λ1), . . . , ϕ(λN )).
For this c, the tau function τ tn can be expressed as
(25) τ tn =
∣∣∣∣∣∣∣∣∣
λn−11 λ
n
1 · · · λ
N−1
1 f1λ
t
1 f1λ
t+1
1 · · · f1λ
t+n−2
1
λn−12 λ
n
2 · · · λ
N−1
2 f2λ
t
2 f2λ
t+1
2 · · · f2λ
t+n−2
2
...
... · · ·
...
...
... · · ·
...
λn−1N λ
n
N · · · λ
N−1
N fNλ
t
N fNλ
t+1
N · · · fNλ
t+n−2
N
∣∣∣∣∣∣∣∣∣
,
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where c(F 0) = (f1, . . . , fN )
T . By applying the Laplace expansion along the columns
between 1st and (N − n+ 1)th position, we have
τ tn =
∑
[N ]=j⊔i
♯i=n−1
(−1)ε
∏
j∈j
λn−1j ·
∏
i∈i
fiλ
t
i ·
∏
{j1<j2}⊂j
(λj1 − λj2) ·
∏
{i1<i2}⊂i
(λi1 − λi2),
(26)
where ε = i1 + · · ·+ in−1 +
(2N−n+2)(n−1)
2 .
2.4. The dual stable Grothendieck polynomial. In some special cases, the
tau function is naturally related to the dual stable Grothendieck polynomial. Let
us consider the most degenerate case, wherein
(27) f(λ) = (λ− γ)N , (γ 6= 0).
(This assumption is valid in §2.4 only.) The C-algebra O, therefore is expressed as
O = C[λ]/((λ − γ)N ) = C[µ]/(µN),
where µ := λ− γ. The C-valued functions c0, . . . , cN−1 over O could be defined as
ci(α0 + α1µ+ α2µ
2 + · · ·+ αN−1µ
N−1) := αi.
Let C[O] be the polynomial ring over O : C[O] = C[c0, . . . , cN−1].
Next, we set β := γ−1. Let
τn =
∣∣c(λn−1), c(λn), . . . , c(λN−1), c(Fλ), c(Fλ2), . . . , c(Fλn−1)∣∣
be the nth tau function corresponding to F ∈ O, which can be rewritten as follows.
τn = D
n−1
∣∣∣c(1), c(λ), . . . , c(λN−n), c(Fλ−(n−2)), . . . , c(Fλ−1), c(F )∣∣∣
= Dn−1
∣∣∣c(1), c(λ), . . . , c(λN−n), c(F (γ−λγλ )n−2), . . . , c(F γ−λγλ ), c(F )∣∣∣
= Dn−1
∣∣∣c(1), c(µ+ γ), . . . , c((µ+ γ)N−n), c(F ( −µγ(µ+γ))n−2), . . . , c(F −µγ(µ+γ)), c(F )∣∣∣
= Dn−1β
(n−1)(n−2)
2
∣∣∣c(1), c(µ), . . . , c(µN−n), c(F ), c(F µµ+γ ), . . . , c(F ( µµ+γ )n−2)∣∣∣ .
We fix the linear isomorphism c : O → CN as
c := c0e1 + c1e2 + · · ·+ cN−1eN , ei = (0, . . . ,
i
1̂, . . . , 0)T .
Thus, we have
c(µi−1) = ei, c(F (
µ
µ+γ )
p−1) = (κp,1, . . . , κp,N)
T ,
where
κp,q =
∑∞
i=0
(
1−p
i
)
γ1−p−icq−p−i(F ) = β
p−1
∑∞
i=0
(
1−p
i
)
βicq−p−i(F ).
The tau function τn, as an element of C[O], can be expressed as
τn = D
n−1β
(n−1)(n−2)
2
∣∣∣e1, e2, . . . , eN−n+1, c(F ), c(F µµ+γ ), . . . , c(F ( µµ+γ )n−2)∣∣∣
= Dn−1β
(n−1)(n−2)
2 det(κp,N−n+1+q)
n−1
p,q=1
= Dn−1 det
(∑∞
i=0
(
1−p
i
)
βicN−n+1+q−p−i(F )
)
1≤p,q≤n−1
.
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Under natural identification2 ci/c0 ↔ hi, where hi = hi(x1, x2, . . . ) is the i
th com-
plete symmetric polynomial in infinitely many variables x1, x2, . . . , and the tau
function τn is proportional to
det
(∑∞
i=0
(
1−p
i
)
βihN−n+1+q−p−i
)
1≤p,q≤n−1
.
According to [15, 10], one finds that this expression exactly coincides with the
Jacobi–Trudi type formula for the dual β-Grothendieck polynomial
g
(β)
Rn−1
,
where Rk is the Young diagram Rk = ((N − k)
k).
Remark 2.3. The dual β-Grothendieck polynomial reduces to the Schur polynomial
when β = 0: g
(0)
Rk
= sRk .
Remark 2.4. By a similar method, one can derive the tau function for ’the other’
discrete Toda equation (9). In fact, it is described as
(28) τn =
∣∣b(1), b(λ), . . . , b(λN−n), b(G), b(Gλ), . . . , b(Gλn−2)∣∣ ,
where G ∈ O′ := C[λ]/(g(λ)), g(λ) is the characteristic polynomial of the Lax
matrix of (9) (see, for example, [6]) and b : O′ → CN is an arbitrary linear isomor-
phism. Note that (28) is invariant under the transformation λ 7→ λ+ γ, while (22)
is not. This implies that one cannot derive the dual Grothendieck polynomial from
this expression. In fact, the tau function (28) is naturally related to the determinant
det(hN−n+1+q−p)1≤p,q≤n−1,
which is the Jacobi–Trudi formula for the Schur polynomial sRn−1 .
3. Solution to the ultradiscrete Toda equation
3.1. A new ultradiscrete evolution equation. Equation (4) is equivalent to
the following.
(29) at+1n+1 =
atn+1 + b
t
n+1
atn + b
t
n
atn, b
t+1
n =
atn+1 + b
t
n+1
atn + b
t
n
btn.
Putting atn = e
−
Atn
ε , btn = e
−
Btn
ε , and taking the limit ε → 0+, one derives the
ultradiscrete evolution equation given by
(30)

At+1n+1 = (min[A
t
n+1, B
t
n+1]−min[A
t
n, B
t
n]) +A
t
n,
Bt+1n = (min[A
t
n+1, B
t
n+1]−min[A
t
n, B
t
n]) +B
t
n,
At0 = A
t
N+1 = 0, B
t
0 = B
t
N = +∞.
Proposition 3.1. Let U tn := A
t
n − B
t
n + L. (U
t
0 = U
t
N := −∞.) Then, (30) refers
to the ultradiscrete Toda equation (10).
2 The identification ci/c0 ↔ hi (or ci/c0 ↔ (−1)
ihi) appears in [7] in order to relate the geo-
metrical information of F ln with symmetric polynomials. The origin of this technique dates back
to Fulton’s historical work [1, Part III]. On the other hand, this identification can be understood
in terms of the Boson-Fermion correspondence. See [7, Section 6].
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Proof. We set ∆n := max[0, U
t
n−L]−max[0, U
t
n−1−L]. Equation (30) is equivalent
to3
∆n = A
t
n −A
t+1
n , A
t+1
n+1 −A
t
n = B
t+1
n −B
t
n.
Therefore, we have
U t+1n − 2U
t
n + U
t−1
n = A
t+1
n − 2A
t
n +A
t−1
n − B
t+1
n + 2B
t
n −B
t−1
n
= At+1n − 2A
t
n +A
t−1
n − (A
t+1
n+1 −A
t
n) + (A
t
n+1 −A
t−1
n )
= ∆n+1 −∆n,
which implies the desired result. 
Remark 3.2. Only when U t1 ≤ L, one can recover A
t
n and B
t
n from U
t
n using the
formula
Atn =
n−1∑
k=1
(U t−1n−k − U
t
n−k) + C, B
t
n = L− U
t
n +
n−1∑
k=1
(U t−1n−k − U
t
n−k) + C,
where C is an arbitrary number. In fact, we have Atn − A
t+1
n =
∑n−1
k=1 (U
t+1
n−k −
2U tn−k+U
t−1
n−k) =
∑n−1
k=1 (∆n−k+1−∆n−k) = ∆n−∆1 = ∆n, where the last equality
follows from U t1 ≤ L⇒ ∆1 = 0.
3.2. Tropical permanent solution. In this section, we derive a tropical perma-
nent solution to (30). Let P = (pi,j)1≤i,j≤N (pi,j ∈ R∪{+∞}) be an N×N matrix.
The tropical permanent TP |P | is an element of R ∪ {+∞} defined by the formula
TP |P | := min
σ∈Sn
[
p1,σ(1) + p2,σ(2) + · · ·+ pN,σ(N)
]
.
We start with the determinantal solution (25) to the discrete Toda equation, wherein
we define the tropical permanent T tn associated with τ
t
n by
(31)
T tn := TP
∣∣∣∣∣∣∣∣∣
(n− 1)Λ1 nΛ1 · · · (N − 1)Λ1 ,
(n− 1)Λ2 nΛ2 · · · (N − 1)Λ2 ,
...
... · · ·
... ,
(n− 1)ΛN nΛN · · · (N − 1)ΛN ,
F1 + tΛ1 F1 + (t+ 1)Λ1 · · · F1 + (t+ n− 2)Λ1
F2 + tΛ2 F2 + (t+ 1)Λ2 · · · F2 + (t+ n− 2)Λ2
...
... · · ·
...
FN + tΛN FN + (t+ 1)ΛN · · · FN + (t+ n− 2)ΛN
∣∣∣∣∣∣∣∣∣
.
Proposition 3.3. Let atn = a
t
n(ε), b
t
n = b
t
n(ε) be real analytic functions of ǫ > 0
with
ǫ≪ 1 ⇒ atn, b
t
n > 0
and
− lim
ε→0+
ε log atn = A
t
n, − lim
ε→0+
ε log btn = B
t
n.
The following two claims, therefore, hold :
3Note the obvious relation max[X,Y ] = −min[−X,−Y
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(1) All eigenvalues of the Lax matrix Lt are distinct and positive.
f(λ) =
N∏
i=1
(λ− λi), ǫ≪ 1 ⇒ 0 < λN < · · · < λ1.
(2) Under linear isomorphism (24), the image of F t ∈ O (§2.1) satisfies
ǫ≪ 1 ⇒ (−1)nf tn > 0, where c(F
t) = (f t1, . . . , f
t
n)
T .
Proof. (1). The distinctness and the positivity of the eigenvalues are direct con-
sequences of the fact that Lt is a totally non-negative and irreducible matrix (if
ε ≪ 1). One may refer the textbook [14, Section 5]. (2). Comparing the 1st com-
ponents on the both sides of (15), we have F t = − det(λY t −Xt)1,1, where Mi,j is
the (i, j)th minor of the matrix M . Using the Cauchy–Binet formula, we derive
F t = − det{(λE −Xt(Y t)−1) · Y t}1,1 = − det(λE −X
t(Y t)−1)1,1 · detY
t
1,1
= − det(λE − Lt+1)1,1.
(The second equality follows from the fact that Y t is the lower triangle.) Generally,
it is known [14, §5.3] that for any totally non-negative and irreducible matrix A, the
principal minor p(λ) = det(λE−A)1,1 satisfies p(λ1) > 0, p(λ2) < 0, p(λ3) > 0,. . . ,
where 0 < λN < · · · < λ1 are eigenvalues of A. The claim naturally follows from
the fact that Lt is totally non-negative and irreducible. 
Proposition 3.4. Under the assumptions in proposition 3.3, we write Λi = − lim
ε→0+
ε logλi
and F tn = − lim
ε→0+
ε log |f tn|. Let τ
t
n be the tau function (25) and T
t
n be the tropical
permanent (31). If λ1, . . . , λN satisfy the condition
4
(32) − lim
ε→0+
ε log |λi − λj | = min[Λi,Λj ]
for any λi, λj (i 6= j), we have
− lim
ε→0+
ε log
∣∣τ tn∣∣ = T tn.
(This implies that the ultradiscretization of τ tn coincides with T
t
n.)
Proof. From (26) and the proposition 3.3 (2), we have∣∣τ tn∣∣ = ∑
[N ]=j⊔i
♯i=n−1
∏
j∈j
λn−1j ·
∏
i∈i
|fi|λ
t
i ·
∏
{j1<j2}⊂j
(λj1 − λj2) ·
∏
{i1<i2}⊂i
(λi1 − λi2).
Thus, we can derive
− lim
ε→0+
ε log
∣∣τ tn∣∣ = min
[N ]=j⊔i
♯i=n−1
[
N−n+1−k∑
k=1
(N − k)Λjk +
n−1∑
l=1
(Fil + (t+ n− 1− l)Λjl
]
using the formula
− lim
ε→0+
ε log
∏
{j1<j2}⊂j
(λj1 − λj2 ) =
N−n+1∑
k=1
(N − n+ 1− k)Λjk .
4 If we take atn, b
t
n generically, this condition holds automatically.
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(This formula follows from the condition (32).) On the other hand, by applying
the Laplace expansion for the tropical permanent along the rows between 1st and
(N − n+ 1)th positions [13], we get
T tn = min
[N ]=j⊔i
♯i=n−1
[
TP
∣∣∣∣∣∣∣∣∣
(n− 1)Λj1 nΛj1 · · · (N − 1)Λj1
(n− 1)Λj2 nΛj2 · · · (N − 1)Λj2
...
... · · ·
...
(n− 1)ΛjN−n+1 nΛjN−n+1 · · · (N − 1)ΛjN−n+1
∣∣∣∣∣∣∣∣∣
+TP
∣∣∣∣∣∣∣∣∣
Fi1 + tΛi1 Fi1 + (t+ 1)Λi1 · · · Fi1 + (t+ n− 2)Λi1
Fi2 + tΛi2 Fi2 + (t+ 1)Λi2 · · · Fi1 + (t+ n− 2)Λi2
...
... · · ·
...
Fin−1 + tΛin−1 Fin−1 + (t+ 1)Λin−1 · · · Fin−1 + (t+ n− 2)Λin−1
∣∣∣∣∣∣∣∣∣
]
= min
[N ]=j⊔i
♯i=n−1
[
N−n+1∑
k=1
(N − k)Λjk +
n−1∑
l=1
(Fil + (t+ n− 1− l)Λjl
]
.
Herein, we use the formula
TP
∣∣∣∣∣∣∣∣∣
Λ1 2Λ1 · · · NΛ1
Λ2 2Λ2 · · · NΛ2
...
... · · ·
...
ΛN 2ΛN · · · NΛN
∣∣∣∣∣∣∣∣∣
=
N∑
k=1
(N + 1− k)Λk,
where Λ1 ≤ Λ2 ≤ · · · ≤ ΛN . This completes the proof. 
Remark 3.5. Under the assumptions in the proposition 3.3,
(33) atn =
|τ tn||τ
t+1
n+1|
|τ t+1n ||τ tn+1|
, btn =
|τ tn||τ
t+1
n+2|
|τ tn+1||τ
t+1
n+1|
holds. Thus, the relationships between T tn and A
t
n, B
t
n are given by
(34) Atn = T
t
n + T
t+1
n+1 − T
t+1
n − T
t
n+1, B
t
n = T
t
n + T
t+1
n+2 − T
t
n+1 − T
t+1
n+1.
3.3. The cellular automaton realization. The ultradiscrete evolution equation
(30) can be realized in the form of a cellular automaton as follows. Consider N
cells numbered from 1 to N (see Figure 1). At time t ∈ Z, the nth cell contains
Atn ’kickers’ and B
t
n ’balls’. The state at time t + 1 is obtained by the following
rules. • A kicker kicks out one ball, if it exists, to the cell neighbor to the left. • A
kicker who has no ball to kick out moves to the cell neighbor to the right. Figure 1
illustrates a typical example. The solution to the ultradiscrete Toda equation (10)
associated with the above scenario is given in Figure 2.
Another example is given in Figure 3, where a traveling soliton and a static
soliton [5] interact.
4. Example and Concluding Remarks
4.1. Example. As seen above, one can construct thetropical permanent solution
to the ultradiscrete Toda equation for any initial state. The method we use here
can be referred to as the tropical inverse scattering method. In this section, we
demonstrate the method to construct the tropical permanent solution through an
example.
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Figure 1. Consider an example of the time evolution (30), where
N = 13. Arabic numbers (1, 2, 3, . . . ) denote the number of kickers,
and Roman numbers (i, ii, iii, . . . ) denote the number of balls. A
dot denotes 0.
..31..2......
...4..11.....
...13..2.....
....22.11....
.....31.2....
......4.11...
......13.2...
.......2211..
Figure 2. Solution to the ultradiscrete Toda equation associated
with the example in Figure 1, where L = 1. Two solitons can be
observed to be proceeding from left to right.
Let us consider the initial state (N = 8, L = 1)
(A01, A
0
2, . . . , A
0
8) = (1, 1, 1, 1, 0, 0, 0, 0), (B
0
1 , B
0
2 , . . . , B
0
7) = (2, 2, 2, 4, 1, 1, 1).
Let q := e−
1
ε . Set the initial values
(a01, a
0
2, . . . , a
0
8) = (q, 2q, 3q, 4q, 1, 2, 3, 4), (b
0
1, b
0
2, . . . , b
0
7) = (q
2, q2, q2, q4, q, q, q)
for the discrete Toda equation. The characteristic polynomial of the Lax matrix
L0 is calculated as f(λ) =
∑8
i=0(−1)
iIiλ
8−i, where
I0 = 1, I1 = 10 + 13q + 3q
2 + q4, I2 = 35 + 115q + 96q
2 + 24q3 + 10q4 + 8q5 + 2q6,
I3 = 50 + 368q + 605q
2 + 360q3 + 102q4 + 63q5 + 41q6 + 8q7, · · · , I8 = 576q
4.
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Figure 3. Collision between a traveling soliton and a static soli-
ton. (L = 1). An underlined number denotes a negative integer
(2 = −2).
For sufficiently small q > 0, the roots 0 < λ8 < · · · < λ1 of f(λ) could be expanded
as
λ1 = 4 + 4q − 4q
2 + · · · , λ2 = 3 +
9q2
2 −
81q3
4 + · · · ,
λ3 = 2− 2q
2 + 6q3 + · · · , λ4 = 1− q +
3q2
2 + · · · ,
λ5 = 4q + 4q
2 − 4q3 + · · · , λ6 = 3q +
9
2q
3 + · · · , λ7 = 2q + · · · , λ8 = q + · · · .
(Higher-order terms have been omitted owing to limitations of space. If one needs
to execute all calculations below, many higher-order terms would be required.
For example, λ1 must be calculated up to the term of q
13, whose coefficient is
27560920906072627
11337408 .) For each λi, fi = − det(λiY −X)1,1 is calculated as follows:
f1 = −
32
3 q
13 + · · · , f2 =
9
2q
12 + · · · , f3 = −4q
11 + · · · , f4 = 6q
10 + · · · ,
f5 = −256q
6 + · · · , f6 = 108q
5 + · · · , f7 = −96q
4 + · · · , f8 = 144q
3 + · · · .
Therefore, we have
(Λ1, . . . ,Λ8) = (0, 0, 0, 0, 1, 1, 1, 1), (F1, . . . , F8) = (13, 12, 11, 10, 6, 5, 4, 3).
Substituting these datum values to the tropical permanent T tn (31), we obtain:
T t1 = 6, T
t
2 = min[20, t+ 9], T
t
3 = min[35, t+ 22, 2t+ 13],
T t4 = min[51, t+ 36, 2t+ 25, 3t+ 18], T
t
5 = min[68, t+ 51, 2t+ 38, 3t+ 29, 4t+ 24],
T t6 = min[t+ 67, 2t+ 52, 3t+ 41, 4t+ 34], T
t
7 = min[2t+ 67, 3t+ 54, 4t+ 45],
T t8 = min[3t+ 68, 4t+ 57], T
t
9 = 4t+ 70.
Further, substituting them into the formulas Atn = T
t
n + T
t+1
n+1 − T
t+1
n − T
t
n+1,
Btn = T
t
n + T
t+1
n+2 − T
t+1
n+1 − T
t
n+1, and U
t
n = L+A
t
n −B
t
n = 1+A
t
n −B
t
n, we obtain
the solution to the ultradiscrete Toda equation (10), as represented in Figure 4.
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t = 0 – 9
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. . . 1 . . .
. . . . . . .
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. . 111 . .
. . 2 . 2 . .
. 11111 .
. 2 . 2 . 2 .
1111111
t = 10 – 19
2 . 2 . 2 . 2
1111111
. 2 . 2 . 2 .
. 11111 .
. . 2 . 2 . .
. . 111 . .
. . . 2 . . .
. . . 1 . . .
. . . . . . .
. . . 1 . . .
Figure 4. Example of the solution to the ultradiscrete Toda equa-
tion. (N = 8, L = 1).
4.2. Concluding remarks. The primary objective of this paper has been to un-
derstand the algebraic structure and positivity of the discrete Toda equation with
boundary conditions. The solution itself is constructed in a straightforward man-
ner. Under certain natural identifications, it is possible to obtain a family of special
solutions, which correspond to dual β-Grothendieck polynomials, which is the K-
theoretic analogue of Schur polynomials. One could infer that the discrete Toda
equation is of the ’Grothendieck’ polynomial type (≃ K-theoretical), while the
other discrete Toda equation is of the ’Schur’ polynomial type. This result can be
expected to clarify deeper structures of the two discrete Toda equations.
The ultradiscrete analogues of the Toda equation have also been studied. It is
proved that the ultradiscrete Toda equation reduces to a new evolution equation,
which is the ultradiscretization of the Lax formula. The tropical permanent so-
lutions have also been given. Our result shows the correspondence between the
determinant solution to the discrete Toda equation and the tropical permanent
solution to the ultradiscrete Toda equation. Moreover, the cellular automaton re-
alization of the Toda equation is proposed. The proposed method has the inherent
advantage of being applicable to arbitrary initial values. Especially, we have gen-
eralized Hirota’s formula for static-solitons.
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